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Abstract. We construct generalized quantum Cauchy pre-measures that corre¬ 
spond to the analytic continuation of the transition probability of the Cauchy process 
to imaginary time. We show that these complex pre-measures of time translations 
extend to a measure on the space dual to a real Hilbert space whose support is lo¬ 
cally compact in the uniform convergence topology and with velocities in the Hilbert 
space. 

At that the quantum Cauchy-Dirac and Cauchy-Maxwell pre-measures of time 
translations of electrons and photons, that correspond to the retarded Green’s func¬ 
tions of the Dirac and Maxwell equations with no sources viewed as generalized func¬ 
tions on bump functions, are unitary equivalent to quantum Cauchy pre-measures 

Therefore these pre-measures on the space dual to a real Hilbert space are cr- 
additive as well, but their support on the electron (respectively, photon) trajectories 
are compact in the uniform convergence topology with velocities in the Hilbert space. 

We study the way the classical relativistic mechanics of particle comes from the 
quantum mechanics of the free Dirac particle. 


Introduction 

We study one-and three-dimensional quantum Cauchy functionals, that are well- 
defined analytic continuations to imaginary time axis of the transition probability 
of the Cauchy process (see [7], [15]), as non-Gaussian scalar complex-valued func¬ 
tionals on bump functions. 

We use the next important property of these functionals, which are fundamental 
solutions for integral evolution equations, as well as measurable functions: They 
generate compatible complex normed pre-measures of cylindrical subsets with Borel 
bases in (or in in the space case) that are Lebesque’s integrals over the 
bases. 
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These comlpex normed pre-measures corresponding to the quantum Cauchy 
functional, are such that the measure of the complement to a ball of large enough 
radius i? in a Eucledean space of any dimension, together with the measure of any 
its subdomain, is purely imaginary of fixed sign and tends to zero when R ^ oo. 

Therefore to these complex pre-measures of translations there correspond the 
balls of finite radius in ^ 2 ( 0 , t) whose complements have measure smaller than any 
given e > 0 and so are weakly compact, and the pre-measures in despite being 
complex-valued, can be extended to a space dual to a real Hilbert space. At that 
a set of time trajectories that has full measure is locally compact in the uniform 
convergence topology with derivatives in L 2 { 0 ,t). 

Though the 3-dimensional problems for quantum Cauchy functionals are not 
the product of 1-dimensional ones, it is clear that all the results obtained for 
1-dimensional quantum Cauchy functional, after proving the a-additivity of the 
corresponding pre-measure, are automatically true for the space case. So we will 
describe in details only the 1-dimensional case. 

At the end of the article, using an isomorphism between the spaces of solutions 
of the Dirac equation for free electron and the Maxwell photon equation and the 
respective presentations of Foldy-Wouthuysen (which are diagonalized solutions 
that can be reduced to quantum Cauchy functionals), we show that all the results 
render to these physical processes of relativistic quantum mechanics. 

At that we find that the support of the measures of trajectories of relativistic 
particles restricts to the ball of radius t in the space of continuous functions (7(0, t) 
while preserving the fundamental local property of the support of that measure - 
that the velocities lie in the Hilbert space. 

Everywhere (except the last section) we use the system of units with the speed 
of light c = 1 and Planck constant h= 1. 

For a preliminary exposition of the results see [23]. 

1. The quantum Cauchy functionals and relativistic quantum 

MECHANICS OF DiRAC’S ELECTRONS AND EiNSTEIN’S BOSONS. 

One knows that the momentum presentation D™ (p) of the fundamental solution 
D^{x) of Dirac’s free electron equation 


(1) + 7°m)Dr(x), 

where 7 °, 7 ^, 7 ^, 7 ^ = 7°, 7 are Dirac matrices (see [14]), can be written as 

( 2 ) Drip) = f^ip)bf ip) ip). 

Here D™ ip) = exp(ft7°A/m^ + P^); P = |p|) is the momentum Foldy-Wouthuysen 
presentation. a,nd T”^(p) = T™ Vul = .yO {pn)+i{™+p'm +p ) ^ unitarv ooer- 

ator. ^ 

If we view Dr ip) as a functional on bump functions pix) G K then one can 
construct the coordinate presentation D™(x) as an analytic functional on ^pix) G Z 
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(see [2]) if we define C^{x) as Fourier transform of C^{x) = ex-p{ity^m'^ + p^) using 
the Parseval identity (see [2]). Here the key role is served by the integral (see [15]) 

/ exp(—< 1 / m? -I- p^) cos{px)dp = — Ki(tm,\/f^ + x^) 

Jo V + x'^ 

(here Ki{z) is the Macdonald function, see [9], 3.7 formula (6), and t and x are 
real, t > 0) and the formula for the flat wave decomposition of i5-function, see [2]. 

At that the constructed analytic functional C^{x) (and hence D'JJ{x) - see (2)) 
is defined on the bump functions if the singular integrals (due to the behavior of the 
Macdonald function on the light cone - Ki{z)\^^q ~ 2 ;“^ - see [10]) as regularized 
in the sense of Cauchy’s principal value - see [2], Therefore one has 


( 3 ) 


C^{x)(p{x)dx = ip{x) 




d{m 


If. 


Lp{x)da 


_ 

where ip{x) means averaging of (p{x) € K over the sphere of radius t, It = 

_ _ — — F 

^^2 _ r‘2^ r = \x\. Here the momentum presentation C^{p), as well as HJ" (p), is 
an analytic functional on Z. Notice that at m = 0 equality (3) becomes 


( 4 ) 


St 


Cit{x)ip{x)dx = ip{x) - 


TT^j 


(p{x)da 


and Cit{p) = exp(itp). 

Therefore Cit{x) can be naturally viewed as well defined analytic continuation 
to imaginary time axis of the transition probability of the space Cauchy 

process (see [7]) as a functional on K. So we will call the generalized retarded 
Green’s function Cit{x) the quantum Cauchy functional, and call CY:{x) the mod¬ 
ified quantum Cauchy functional. 

Clearly Cit(x) Y ^j=iCit(xj) and the support of that functional does not lie in 
Minkowski space. 

Notice that in 1-dimensional case one has 


(5) Cttix) = ^{6{t-x)+S{t + x)) + ^^^^^, 


Citip) = exp(ft IpI), 


c^i^) = 

The Maxwell equations 

( 6 ) 

for the photon field in Majorana variables (see [1]) Mt{x) = Et{x)+iHt{x), Mt{x) = 
Et{x) — iHt{x) look in the momentum variables Mt{p), Mt{p) as follows (see [1]): 

o o _ _ 

= {S,p)Mt{p), i—Mt{p) = -{S,p)Mt{p). 


1 - xY 

X) + d(t + x)) -I- 

TT 


\/E — x"^ 


rotE[t{x), —Ht{x) = -rotEt{x) 
at 
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Here {S,p) = and 

/O 0 0 \ / 0 0 A /O -z 0\ 

s^= 0 0 -z ,s^= 0 0 0 ,s^= z 0 0 

\0z0/ \-z00/ \0 00/ 

are spin operators of the photon so {S, p) is Hermitian. 

The roots of the characteristic polynomial of {S,p) are ±p [p = \/pf + pf + pf) 
and 0, so this matrix is degenerate. One has 

{S,p) = Q'^{p)h^{p)Q{p) 


where 



(p 0 

0\ 



h^{p) = 0 -p 

0 , 



Vo 0 

0/ 



Q{p) is a unitary operator that diagonalizes {S,p), and Q^{p) is the adjoint oper¬ 
ator. 

Therefore the momentum presentation of the fundamental solutions in Majorana 
variables is the direct product of matrices Mt(p) = Mt{p) x Mt{p) where 

_ _ _ _ / exp(—ztp) 0 0\ 

(7) Mtip) = Q^ip)Mf{p)Q{p), Mf{p)=i 0 exp(rtp) 0 , 

VO 0 1/ 

Mt{p) = M_tip), 

and Mf (p) can be called the momentum Foldy-Wouthuysen presentation of the 
photon fundamental solution. 

If Mt (p) is understood as an analytic functional on Z then Mt (x) is a functional 
on K and one has 

Mt(x) = Q^ix) * Mf (x) * Q{x) X Q~^{x) * Mf{x) * Q{x) 

where the functional (to be compared with [x)) 

(C^t{x) 0 0 \ 

Mf{x) = 0 C^t{x) 0 

\ 0 0 j 

has support that does not lie in the Minkowski space. 

Therefore the study of matrix-valued fundamental solutions of relativistic quan¬ 
tum mechanics equations for the electron and photon is reduced to one of scalar 
quantum Cauchy functionals. 
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2. The quantum Cauchy functional; 

THE CONSTRUCTIONS OF PRE-MEASURES 

We study the position presentation (5) of the one-dimensional quantum Cauchy 
functional Cit{x) on the bump functions '^{x) C K (here the second summand is un¬ 
derstood to be regularized, see [2]), its momentum presentation Cuip) = exp{it |p|) 
being a functional on analytic test functions 'tp{p) G Z. 

Our aim is to construct and study first complex-valued measure of time trans¬ 
lations of a particle (cylindrical sets of trajectories) that correspond to Cu (x) with 
n-dimensional Borelian bases (pre-measures) whose points Ofc, k = 1,... ,n, are 
given by conditions 

(9) flfc = ajk^Xj, k <l < n,detajk ^ 0, 

l<j<n 

where ajk are real numbers and Axj = Xj — Xj-i are changes of the position of the 
particle (the translation) for the time Atj = tj — tj-i (j = 1,... ,n, to = 0, = t) 

or Ofc = /p ak{T)dx(T), akij) are piecewise constant functions. 

We first construct retarded Green’s functions £it(ai,... , a„) that correspond to 
Cit{x) (see (5)) as functionals on K on n-dimensional base of the set of translations 
(11). We will see that these Green’s functions (as measurable functions) define 
measures of the cylindrical sets of trajectories with Borel bases in 

Recall that Cit{x) on iA is a retarded Green’s function (see [5]) hence satisfy the 
Chapman-Kolmogorov equation 

(10) 

/c'iAti(Axi).. .C^i^t„{Axn)'p{Axi +... + Axn)dAxi .. .dAxn = [ C^t{x)(f{x)dx, 


(i.e., CiAti * ... * CiAt„ = Cit where * is the convolution, see [2]) where 0 = to < 
ti < ... < tn = t, Atj = tj — tj-i, j = 1,... ,n. Since in the r.h.s. of (10) one 
has X = Axi -I- ... + Axn, the argument of Cit(x) is a point on the base of of the 
simples cylindrical subset of trajectories YZ^^-^Axj = x. 

So to construct the retarded Green’s function €it (a) on one-dimensional base in 
the general case that corresponds to T,^^^ajAxj = a, one considers 


CiAtj{Axj^ (p 


n \ 

ajAxj dAxi ... dAxn- 

J 



Since ip 






-ip a 


J Aa^i 


'ip(p)dp, (11) implies 


hence 



C n 

* E 
1=1 


{p)'ip{p)dp, 


€it{a) = CiT^a), r = \aj\Atj. 

1=1 


(12) 
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Here the retarded Green’s function (a) is a functional on the space K of bump 
functions. 

Remark. As was already noticed, the retarded Green’s function Cit{x), viewed 
as a functional on ip{x) G is assumed to be regularized, so / {{t — x)~^ + (t + 
x)~"^)(p{x)dx is understood in the sense of the Gauchy principal value (see [2]). So 
it is convenient to present Cit{x) as 


(13) 




Cu{x) = \{C-,{x)+C+(.x)), 


d{t ± x) + -- 


TT t± X 


S{t ± x), |t ± a;| < £ 

|t ±a;| > £, 0 < £-;> 0 
|x| < A, 0< A^oo 
0, |a;| ^ A 


Thus the integral of Cit{x) over every £-interval is well defined. Therefore Cit{x) 
yields complex measure <Zit{a)da of a cylindrical set of trajectories with the base 
R € (= the Borelian sets on the line) and the generatrix corresponding to 

piecewise constant function akir), see (9). 

To construct the retarded Green’s function €it(ai ,... , a„) on n-dimensional base 
of the cylindrical set of trajectories (9) as a functional on AT, consider the integral 


ajn^Xj dAxi... dAxn, 


where (^(ai,... , an) G K. 

Repeating literally the construction of the Green’s function £it(a), see (12), we 
get the momentum presentation of the promised Green’s function 



as a functional on ipipi ,.. .p„) G Z. 

In the r.h.s. of (15) there is the product of functionals which are Green’s functions 
on one-dimensional base of the cylindrical set of trajectories. Thus Cit(x) uniquely 
defines the measures of cylindrical set of trajectories in with n-dimensional 
Borelian bases. 

Here the complex measure of some cylindrical sets can have infinitely large imag¬ 
inary part (of different signs), but the measure of all cylindrical sets of translations 
with base of any given finite dimension is f €it(ai ,... , an)dai ... dun = 1 and the 
pre-measures are compatible, see [3]. 

We will see (section 5, theorem (H)) that it is enough to consider in (11) only the 
matrices ajk with ^Oj^^Atj bounded for every n, which implies 
(see (19) below, sections 5 and 6) that afc('r) G L2{0,t), see (11). 


(15) €it{pi,... ,Pn) =exp 


i=i 


E 


^jkPk 


Atj = exp i 


i=i 
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Therefore one has 


(16) 


J f{ak)€it{ak)dak 


k—^oo 


f{a)€it{a)da 


for every bounded continuous function /(a) of n variables. So the measure of 
cylindrical sets of trajectories defined by £it(a) satisfy the continuity condition 
(the weak continuity), see [3]. 

Therefore we have deduced 

Theorem (I): The quantum Cauchy functional Cit{x) on the bump functions 
yields, as a measurable function, complex-valued normalized continuous measures of 
cylindrical sets of translations with finite-dimensional Borel bases (pre-measures), 
and the measures of different cylindrical sets are mutually compatible. 

Let us show that there exists a topological vector space X to whose dual space 
the measure of cylindrical sets of trajectories from theorem 1 can be extended; let 
us construct such an X. 

To that end we construct a set of infinite matrices ajk that define X (see (9)) 
such that the measure, corresponding to €it(a), of the complement to the ball 
{ok = T,f^^ajkXxj) and its every subset tends to zero for i? —>• oo 
for every n. This is possible (despite to the fact that £it(a) is complex valued) 
since the corresponding measure of every subset of the above domain is purely neg¬ 
ative imaginary (see below). Therefore we will show that the promised topological 
space is the real Hilbert space to whose dual space X' extends the pre-measure of 
trajectories corresponding to i.e., the a-additivity of that measure on that 

space. 

One should point out that this approach to the problem of extension of measures 
is due to V. D. Erokhin (see [13], [17]) who formulated a criterion for continuation of 
a probabilistic pre-measure on a countably-normed space X to all its Borel subsets. 

To estimate the measure of the ball complements in the next section, we use an 
analytic construction due to R. A. Minlos (see [13]). 

3. Estimating the quantum Cauchy functional measures 

OF THE COMPLEMENTS OF BALLS AND THEIR SUBSETS 

We find the measure of the complement to a ball of radius R in n-dimensional 
space. Our measure corresponds to ... , a„) viewed as a measurable function 

on the Borel subsets of we use its Radon transform see [18]. 

At that €it{(;r) (where {(,a) = r, ^ is a unit vector in i?^”^) is a measurable 
function on R^^\ 

Thus the problem is reduced to construction of a generalized function of single ar¬ 
gument {(, a) that corresponds to €it(a). To that end let us consider f (Eit(a)(p(((, a))da, 
where (p(r) € Recall that a similar problem was already solved when we con¬ 

structed the generalized function of argument YTf^^ajXxj = a that corresponds to 
€it{x). Repeating the computation literally, we get 


(17) €u{(;r) = C,Q{r), Q = At,, (C, a,) = SLiCfca.fc. 
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Therefore 

(18) = ^{S{r + Q) + 6{r-Q)) + ^-^^^. 

Thus the measure of the half-space (a,^) > i? > 0 of n-dimensional space, corre¬ 
sponding to (tit(a), equals €it{^',r)dr. 

But the measure of that half-space equals f x^(a)^it(a)da. where Xfl(Q) is the 
characteristic function of the half-space. So 

^C 30 ^ S'! T S'! „_ 

(19) J €it{i]r)dr = J x%ia)^itia)da = J x%ia) (tit{a)da, 
where the overline means ^-averaging over the surface of the unit sphere. 

-7-Si 

Notice that in x^(a) the vector a is fixed, and we integrate over vectors ^ 
with (a, ^) > R. These vectors form a cap on the sphere cut by the plane that has 
distance R/ |a| from 0, so, using the Radon transform on the sphere (see [18]), we 
see (cf. [3], [14]) that 

( 20 ) = Nr, f (1 - 

jR/\a\ 

if jo] > R and 0 otherwise; here constant Nn depends on dimension n. Since 

-7-Si 

XQ(a) = 1/2, one has 

( 21 ) = . 

Using sperical coordinates in (19), we get 


( 22 ) 


^iti^;r)dr 


-Si 



2/^)(” ^^^"^dydp f €it{a)da. 

•J\a\<p 


This equality relates mean values of measures corresponding to (ta (a) of half-spaces 
and of balls (compare with identical result in [3], [13]). 

--Si 

Consider (tit{^; r)dr . For R > Q (see (13)) the mean value theorem implies 
(recall that the integral is understood in the sense of the Cauchy principal value, 
see (13)) 


(23) 


^itii;r)dr 


-Si 




P+1 

P-1 


where P = 


(C,a) 


Atj > 0 and ^ is a fixed point on the unit sphere. 


Therefore, using (22) and (23), we get 
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(24) 


P+1 


P-1 


n l p 

(1 - / €it{a)da. 

IIp J\a\<p 


So the measure of the complement to a ball of large enough radius, that corre¬ 
sponds to €it{a), is negative purely imaginary for every n. 

Notice that 





dx. 


So for n large enough one has 


iV„ 


f 

JrIp 


t-l)/2 


dy 


^ ( [ exp(—a;^/2)dx^ f exp{—x^/2)dx 

2 \Jo J JRyfii/p 


_ poo 

= \/\I2'k / exp(—a;^/2)(ia;, 

J Ry/njp 


cf. [3], [13], 

Returning to (24), one has 


— In 
27r 


P+1 


P- 1 


n OO p 

exp(—a:^/2)dxdp / iCit{a)di 

iy/njp J\a\<o 


\a\<p 


and, since the inner integral in r.h.s. decreases when p decreases (and we deal 
with equality of positive numbers), we get 


1 

27r 


in 


P+1 


P- 1 


I n—¥oo 

This implies (see (17)) that 


> \/l/27r f e^p{—x^/2)dx f i€it{a)da. 
J y/n J |a|>-R 


(25) 


lim / iCit{a)da = 0 
R^°°J\a\>R 


if ajk are such that 


(26) 






At, < 


aji + ... + a'j^Atj < N 


for every n, see (23). 

Using the above method, we study the local structure of the measure of the com¬ 
plement to that ball that corresponds to (tin(a), i-e., the measure of a neighborhood 
of any point + that lies outside the ball of radius R. 

Let us find the measure of the ball of radius a with center at 24 corresponding 

to £it(a). To that end it is enough to know the Radon transform + (a, 24)) 

of the functional £it(a + 24) (see [18]). Consider 
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r + A)) — -{S{Q — r — A)) +(5((5 + r + (^, A))) + — ^^^2 

where Q = l(? 5 C>;j)| Atj, see (12). 

Repeating literally the previous arguments, we get 


-Si 


rcr pi 


Ut{i-,r + {i,A))dr =Nn 


lo Jo 


(l+y^) 


2N(n-l)/2 


dydp 


'|o|<p 


€it{a + A)da. 


By the mean value theorem, this implies 

j 'iu{^-,r + {i,A))dr =^f ^ p dr, 

Jo ^ Jo - {r+{^,A))^ 

where Q = (^, aj) Atj, and ^ is a fixed point on the unit spere with center 

at A. So for large enough translations A (precisely, if r -|- (^, A) > Q), and for an 
arbitrary small ct > 0, the measure 21it(a -I- A)da of the ball we consider is 

purely imaginary. 

Therefore, if (26) holds, one has 


(27) 


lim / (tit{a)da = 0, 

J-s-oo 


where C is any domain that does not intersect the ball of radius R in n-dimensional 
space. 

By a similar argument (26) also yields 

lim / <tit(a)da = 0, 

where €it{a)da is positive purely imaginary. 

4. The generalized quantum Cauchy measure 
OF THE BOREL subsets OF A HiLBERT SPACE 

Notice that (26) implies that for every n the series converges for each j 

(i.e., ajk G I 2 for each j). Thus for some Aj{a) G ^ 2 ( 0 , s), s <t, one has = 

fg Aj (a) da. Therefore condition (26) means that the integral f* A'^ (a) da dr 

is defined, and since 

J ^J A^{a)dadT < J J A^{a)dadT = J J A^{a,T)dadT , 


this follows if A{a, r) is any element of the Hilbert space of functions on the 
rectangle. 
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Thus come the equalities 

(28) i(cr) = f A{a,T)dx{T) = ( A{a,T)x{T)dT, 

Jo Jo 

which are functional analogs of (9). 

This implies that 

a = / a(T)x(T)dT 

Jo 

exists for every a{T) € L2(0,t); thus i(r) G L2{0,t) (by the Riesz theorem about 
linear functionals on T 2 ( 0 ,t), see [16]). 

Therefore, since q;(t) form a real Hilbert space, the complex-valued cylindrical 
measures that correspond to €it{ai ,... ,a„) extend to its dual (which is the space 
of velocities x{t) G L 2 ( 0 ,t)). 

Indeed, the measure corresponding to €it{a) of a ball in the Hilbert space of 
large enough radius R can be chosen arbitrarily close to 1 (see the previous sec¬ 
tion). Thus, since the ball is weakly compact (see [3]), it can be covered by a finitely 
many cylindrical subsets. Hence, if for every infinite collection of nonintersecting 
cylindrical sets some of the covering them cylindrical sets contain infinitely many 
terms of that collection, the measure of their union equals the sum of their mea¬ 
sures, since they have common generating subspace. Since up to an arbitrary small 
number the measure of the union of any collection of nonintersecting cylindrical sets 
equals the sum of their measures, this implies that the pre-measure corresponding 
to €it{a) extends to arbitrary Borel subsets of L2{0,t) (not only to cylindrical sub¬ 
sets with finite-dimensional bases) and that the quantum Cauchy measure (a) is 
CT-additive. 

Choosing appropriate basis a{s) G 2^2(0, t) we find that the arguments a of the 
complex-valued €it(a) have physical interpretation as the values of coordinates on 
the trajectory at different moments of time 

(29) a(T) = f a(s)i(s) = f dx{s) = x{t), (0 ^ t ^ t). 

Jo Jo 

Using those variables one can show that the measure that corresponds to the 
quantum Cauchy functional has locally compact support in the uniform topology. 
Let us prove this. 

It is clear that every trajectory x{t) = fjx(s)ds from the support [xr\ is con¬ 
tinuous. Notice that for elements of that support one has (here we set x{s) = 0 for 

s i (o,t)) 


Jt + T)-x{t) \ = 


rr+T 


x{s)ds 


< Vt 


-^1 pT 

x{s)ds — / x{s)ds = 

Jo 

\j~j x'^{s)ds < VtN, N < oo, 


since x{t) are uniformly bounded in L2{0,t), see (25). 
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Therefore supg<^<j |a:(T + T) — a;(T)| —>■ 0 simultaneously for all x(t) G 

C(0,t) in the support. Thus the support [xt] of measures of cylindrical subsets of 
L2(0,t) that correspond to Cit(x), is locally compact in the uniform convergence 
topology of C(0,t) by Arzela’s theorem (see [16]). 

Theorem (II): The topological vector space on whose dual the generalized pre¬ 
measure that corresponds to the quantum Cauchy functional Cit(x), is extendable 
as a measure of its arbitrary Borell sets, is a real Hilbert space; its dual is the space 
of velocities. The support [xt] of that generalized complex a-additive measure is 
locally compact for the uniform convergence topology with x{t) G L 2 { 0 ,t). 

Corollary. The result automatically renders to the case of the space quantum 
Cauchy functional. 

5. The quantum generalized Cauchy functional 
AND THE quantum GENERALIZED CAUCHY PROCESS 

Consider the direct product of functionals in (15) 


(30) 




, {AAx)n)dAxi... dAxn = 


= J{UJ^.^^C^Atj {Axj))ip{{AAx))dxi ... dxn- 

Since the generalized measure that corresponds to Cit{x) is cr-additive at A G T 2 
(theorem II), one can pass in (30) to the limit for n —>■ 00 (max Atj —>• 0). We get 
(here [xt] is the support of the measure) 

(31) [ {Il*.^^QCidTidx{T)))(p{. .. ,dxr,.. ■)Uf^QdXr, 

where Lp{. .. , dx{T), •. •) = V5(- • ■ , x{T)dT,...) G K are bump functions of infinitely 
many variables (the bump functionals), the argument of ip (which is the functional 
variable of integration in (31)) is a trajectory x{t) G [xr] C C{Q,t) since dx{T) is 
an element of that trajectory. 

Let us point out that dx{T) = x{T)dT with x(t) G L2{0,t), so dx{T) are not 
independent, as opposed to Axj in (30). There the detection of property of a- 
additivity of the premeasures answering led to expansion of a finite set of the 
functional arguments of bump functions to a set of a measure support elements. 

By (29) and theorem 2, we see tha (31) makes sense without the bump functional 
p{... , dx{T),...) and Ill^i^C\dT{dx{T))dxr = 1. 

Therefore we get the generalized complex quantum Cauchy measure 



A-.,.—QCidT {dx{T fjdxT 


of a Borel set of trajectories WV C [a;T] (the quantum Cauchy process). If WV is 
bounded in the uniform convergence topology then it is compact. 

Notice that the “density of measure” n(.^QCidT(da:(r)) of a trajectory x{t) G [Xt] 
makes no sense. 
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Recall that we consider the evolution of a single quantum relativistic particle in 
Foldy-Wouthuysen sense. So, as a side remark, a ribbon-shaped WV can illustrate 
a track in Wilson camera if we don’t take in account the influence of the vapor 
particles on the quantum particle. 

We should also recall that the question about the possibility of description of 
quantum phenomena and their evolution in terms of trajectories was asked by 
R.Feynman (see [9]), thus finding a way of alternative description of the evolution of 
a quantum particle not as a wave but as a point-like object moving along a collection 
of trajectories (the support) with complex weights. In the case considered above 
of a quantum relativistic particle the Cauchy measure n^^QCidT(dx(T))dxr is 
a complex wight for each ribbon of trajectories WV. 

Digression. It is important to point out also, that existence of generalized quan¬ 
tum Cauchy measure (FI*^QC'ic;i-(da;(T)))let us to expand ordinary con¬ 
cept of particle state in quantum physics as initial state in Cauchy problem for 
Schrodinger equation (in this case ^C'it(x) = —j^x~‘^ * Cit{x) - see below). Namely, 
task of the functional (n^.^pCidr(da;(T))) on an interval of time [0,t] will 

result unambiguous definition of this functional for all T > t. It is easily seen that 
it is instantaneously arise from satisfaction Cit{p) ■ Cis(p) = Ci(^t+s) (p) (see (15)), 
which at the same time is interpreted as realization of the principle of causality (in 
a finite-dimensional case). 

Let’s note that this arisen expanded concept of a condition of quantum system 
V Ill^QCidTidx{T))dXr 

Let us also point out that Cit(xi, ... , x„) is the same generalized functional (31) 
viewed on the set of elements of the support that take values xi,... , at fixed 
moments of time ti,... ,tn is the many-time construct. 

Convolving all the factors in (31) and using (10) we get 


(32) [ {Ul^QCidridx{T)))(p{ [ dxr)Ul.^Qdxr = [ Cit(x)(p(x)dx, 

J[x.,] Jo J 

or, in short, Cu = n(.^Q * Qdr- 

This equality expresses the fundamental solution of equation 

* Cit{x). 

Ot TT 


Theorem (III): The quantum Cauchy functional Cit(x), viewed as a measur¬ 
able function, yields the generalized complex normalized quantum Cauchy measure 
U nu oCidTdx{T)dxr of every Borel subset Wr C L2{0,t). The support [xr] of 
that measure is locally compact in C{0,t) with derivatives x ( t ) € L2(0,t). 

6. The modified quantum Cauchy functional and 

THE MODIFIED GENERALIZED QUANTUM CAUCHY MEASURE 

The coordinate presentations of the quantum Cauchy functional Cit(x) (5) and 
the modified quantum Cauchy functional C’f(x) are related as follows. The ra¬ 
tio of their imaginary parts imy/C — x'^Ki{im\/C — x"^) = B{t,x) is an infin¬ 
itely differentiable function nowhere equal to 0 or oo and l?(i, a;)||^l_j = 1. This 



14 


A. A. BEILINSON 


implies J Cit(x)B(t, x)(p(x)dx = J C^(x)(p(x)dx, i.e., C^(x) = Cit(x)B(t,x) if 
Cit{x)B{t,x) is considered as a functional. One has B{t,x)(f{x) G K, see [2], and 
B{t,x)\^^Q = 1 at the support [xt] (due to its continuity), so the Fredholm denom¬ 
inator of the passage from Ca (x) to C™ (x) is finite. Therefore one has 

Theorem (IV): The modified quantum Cauchy functional C^(x), viewed as a 
complex-valued measurable function, yields the generalized complex modified quan¬ 
tum Cauchy measure Ill.^QCidrdx{T)dXr of every Borel subset WV C ^ 2 ( 0 ,^). 
The supports of that measure and of the one corresponding to the generalized quan¬ 
tum Cauchy process are the same. 

It is clear that Green’s functions Cff{x) and Cf^{x) can be represented by the 
corresponding functional integrals (“path integrals”, see (32)). 


6. The fundamental solutions of Dirac equations for the free 

ELECTRON AND OF MAXWELL EQUATIONS FOR THE EINSTEIN PHOTON. 

One gets from (2) the relation between the fundamental solution Df^{x) of the 
Dirac electron equation in position coordinates and its Foldy-Wouthuysen presen¬ 
tation Df^^{x) (see [ 6 ], [ 2 ]) 

(33) D™ (x) = T™ (cc) * (cc) * T™ (x). 


Here D™^(x) yields a matrix-valued generalized quantum measure that has there¬ 
fore the same properties as C'™(x). 

Recall now that the retarded Green’s function Df^{x) viewed as a functional on 
K can be obtained also from the retarded Green’s function Gt{x) of the Klein- 
Gordon equation (Pauli-Jordan formulas, see [ 8 ]). Namely 

DT{x) = 7°(7°^ + ( 7 , V) + im)Gt{x) 


where 7 ° and 7 are Dirac’s 7 -matrices (see [14]) and 


Gt{x) 


_ I!l0(t-r)i^^ 

2tT dTT ^ ’ I 


here 9 is the Heaviside step function and Ji is the Bessel function. These formulas 
amount to formula (33): this can be easily seen by passing to the Fourier transforms. 
We also see that D'f‘{x) is a finite functional, as opposed to D'f'^fx). At that D'p{x) 
and I?™^(x) are unitary equivalent. 


Therefore formula (33) should be interpreted as a result of passage from the 
Green’s function D]f^{x) of the Dirac equation in the Foldy-Wouthuysen variables, 
that yields a cr-additive measure with support [xt], to the Green’s function D^(x) 
of the Dirac equation (1) that vanishes outside the 3-sphere r = t (outside the light 
cone) which also yields a u-additive measure with support {xr} compact in (7(0, t) 
with derivatives x{t) G ^ 2 ( 0 ,!). 

Thus Dirac’s electron, being a quantum object, while moving along the trajec¬ 
tories of the support and forming some of it state at moment t, though does not 
go outside the light cone, has arbitrarily large velocity Xt which is incompatible 
with being in Minkowski’s world (see also the first summand in the Pauli-Jordan 
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formula). At that the return to Minkowski’s world occurs only in quasi-classical 
approximation (see the last section of the article). 

Theorem (V): The fundamental solution D'^{x) of the Dirac equation, viewed 
as a complex matrix-valued generalized function, yields the generalized quantum 
complex matrix-valued Cauchy-Dirac measure I\f.^QD'ff.{dx{T))dxr of the Borel 
subsets Wr C ^ 2 ( 0 , t) with support {xr} which is compact in (7(0, t) with derivatives 
in ^ 2 ( 0 , t). 

It is known that the system of Maxwell’s equations (6) for the photon field in 
Majorana variables has coordinate presentation of the fundamental solution as a 
functional on K (see (8)) 

(34) Mt{x) = Q^{x) * Mf{x) * Q{x) x Q^{x) * ilff (x) * Qix), 

where x is the direct product of 3 x 3-matrices. Here Mf (x) x M^. {x) yields 
also a (diagonal)matrix-valued generalized quantum measure of the Borel sets in 
L2{0,t) with support [xr]- Hence, due to the unitary equivalence of the Foldy- 
Wouthuysen transform of solutions of the Maxwell equation and the usual solutions 
of these equations, the generalized matrix-valued measure of the Borel subsets of 
the Hilbert space that corresponds to Mt{x) has, similarly to as was discussed above 
in the case of the Dirac equation, has support {xt} which is compact in the uniform 
convergence topology (since the speed of light c is constant). 

Thus we see that it is impossible to describe single photons as objects of the 
Minkowski world if we describe their evolution by using trajectories. We get 

Theorem (VI): The retarded Green’s function Mt(x) of the Maxwell equa¬ 
tion, viewed as a matrix-valued complex generalized function, yields the generalized 
matrix-valued complex quantum Cauchy-Maxwell measure n(.^Q M’ff{dx{T))dxr 
of the Borel sets Wr C ^ 2 ( 0 , t) with the support {xr} compact in (7(0, t) with deriva¬ 
tives Xr G 1 ^ 2 ( 0 , t). 

We will not write down our matrix-valued complex Green’s functions D’jf^x) 
and Mt(a;) as functional integrals (“path integrals”); they have similar structure 
and properties to the presentation of Green’s function Cit(x) given in (32). 

It is important to notice that, due to the unitarity of the operators Q(x), T(x), 
T'"(x), the retarded Green’s functions of Dirac’s particles and photons have similar 
space-time microstructure determined by the quantum Gauchy process regardless 
of the fact that these are fermions and bosons. 

Following Schrodinger, we point out a peculiarity of the Dirac electron movement 
(see [5], [14]). Namely, one can measure exactly just one Gartesian component of 
the velocity, so one may doubt the existence of electron’s space trajectories that we 
have discussed above. 

In fact, in the support of the generalized measure that corresponds to D^{x) one 
has x{t) £ £ 2 ( 0 , t), so the velocity is well defined. But the velocity of the electron 
at the support of the measure is not continuous, hence has no exact values at any 
moment of time (for the 1-dimensional case as well). Thus the peculiarity of Dirac’s 
electron movement observed by Schrodinger is compatible with the structure of the 
set of trajectories {xr} that electron takes during its evolution. 
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Therefore the spontaneous micro-movement of Dirac’s electron with indetermi¬ 
nately high speed, called Zitterbewegung (see [5], [14]) can be seen as a corollary 
of the movement along the trajectories in such a support. 

Digression. Zitterbewegung (literally “twitching movement”), an irregular move¬ 
ment of Dirac’s electron with speed faster than light, was first noticed by Schrddinger 

[5]. 

We point out the general nature of that phenomenon: it occurs for all relativistic 
quantum particles, both photons (bosons) and Dirac’s particles (fermions), and is 
related to unified quantum micro-structure of space-time characterized by single 
support {Xr} that governs their evolution regardless of mass or of spin. 

Notice that the evolution of state of relativistic quantum particles that occurs 
due to that micro-structure of space-time, is purely kinematic which amounts to 
the Dirac or Maxwell equation evolution. 

The found alternative description of evolution of relativistic quantum particles 
by accounting the Borel sets of their trajectories (with complex weight) together 
with solving the corresponding wave equations supports in a deeper way the wave- 
particle duality of de Broglie in quantum mechanics. 

As was pointed out in the introduction, when one returns from the Foldy- 
Wouthuysen variables, the support of the measures of trajectories of quantum rela¬ 
tivistic particles restricts tothe ball of radius t in the space of continuous functions 
(7(0, t) while preserving the fundamental local property of that measure that the 
velocities lie in the Hilbert space. 

It is important that this property of velocities on the support helps to preserve 
the usual understanding of the wave function of a quantum relativistic particle as a 
state in a fixed moment of time, thus discarding the principal argument, formulated 
first in the works of L.D.Landau and R.Peierls [19], [20] (see also [1], [8], [14]), 
against the possibility of existence of non self-contradictory quantum theory of 
single relativistic particles, which would imply that that equations of relativistic 
quantum mechanics make sense only after the secondary quantization. 

At that the fact that velocities at the support lie in the Hilbert space confirms 
that the considered relativistic quantum particles, if their state is formed via the 
path integral, lie outside the Minkowski world, hence their relativistic quantum 
theory is not local. 

Notice that the existence of entangled states of quantum particles and their 
experimentally found properties tell that such velocities of relativistic quantum 
particles at the formation of their state actually occur, so the deduced above fact 
of their belonging to the Hilbert space seems not to be an artifact. 

The existence and properties of the support of the generalized a-additive mea¬ 
sures of Cauchy-Dirac and Cauchy-Maxwell corresponding to the fundamental so¬ 
lutions of the Dirac and Maxwell equations and constructed in the present article, 
can be seen as physically based reinterpretation of solutions of these equations 
that return us to understanding them as characteristics of the movement of single 
electrons and photons. And it is that very property of the support of the above 
generalized quantum measures makes this reinterpretation possible. 

It is important to point out that quantum particles at the support have the said 
velocity x{t) G ^ 2 ( 0 , t) at times t <t, i.e., at the formation of the retarded Green’s 
function at moment t using path integral (the Green’s functions themselves do not 
depend on the velocity i(T)). And it is these formed Green’s functions determine 
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the solution of all traditional problems about the Dirac and Maxwell equations 
including those of secondary quantization. 

Therefore the discovered possibility of reinterpretation of the Dirac and Maxwell 
equations as equations for single particle, connected to the possibility of construc¬ 
tion of generalized quantum measures of Cauchy-Dirac and Cauchy-Maxwell, can 
be seen in the Dirac and Maxwell equations themselves, it does not contradict 
the traditional approach to the solution of these equations, and can be considered 
simultaneously with it. 

7. The correspondence principle for the free Dirac electron 

Consider the correspondence principle for the Dirac electron using the “path 
integral” description of the fundamental solution of the Dirac equation (cf. (32)): 

(35) J D];^{x)(p{x)dx = ^{Ul.^oD2{dx{T)))(f(^J^dx{T)ju*,^Qdxr, 

or simply D™ = n(.^Q * 

It is easy to see that (35) means that 

J D]P'{x)ip{x)dx = j T^{a)D^^{x)T'^{l3)(f{a + X + I3)dadxdf3, 


or D™ = T™ * * T"*, where 


J D];^^{x)(p{x)dx = ^(n(.^oD2;^(dx(r)))(/? dx{T)j n*,^odxr, 


or = 

Since m = moh ^ (here mo is the invariant mass of the electron, see [14]; we still 
assume that c = 1), one has lim?i_>o r™(x) = S{x), see (2). Therefore ~ 

so the quasi-classical approximation to a solution of the Dirac equation 
equals to its quasi-classical approximation in the Foldy-Wouthuysen coordinates, 
which implies 


(36) 


where (see (2), (3)) one has 


Dr^ix) 


fC^ix) 0 0 0 \ 

0 c:^{x) 0 0 

0 0 C_,t(x) 0 

Vo 0 0 C-itix)/ 


So, using the asymptotic presentation of the Macdonald function Ki{z)z^oo — 
y^exp(—z) (see [10]), we find that the asymptotic presentation C'’7(a^)|^_>o as a 
functional 


(37) 
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(here, as above, It = , / = |x|, moh is the eikanal, and (p{x) G K) which 

have lost the singularity at the light cone due to the construction of the asymptotics. 
It is easy to see that the two equal components D^^{x) exponentially disappear 
outside the light cone (and it is them who yield the quasi-classical limit). 

Here f* modlr is the action functional for the free relativistic particle on any 
trajectory Xr G {xr} inside the light cone. So at —>■ 0, by the principle of 
stationary action (see [9]), in the path integral (36) of the modified quantum Cauchy 
functional the classical trajectory is distinguished among all other trajectories in the 
support. Accordingly, the support of Green’s function of the electron degenerates 
into a single trajectory of the free relativistic particle. At that Zitterbewegung 
disappears. 

Notice also that in quantum relativistic case, as follows from (35), (37), the 
functional dependence of the averaged functional from the free particle action is 
exponential only in quasi-classical approximation, as opposed to non-relativistic 
situation (see [9]). This is a discriminating trait of the quantization of relativistic 
particles. 


Conclusion 

The present work shows special role played by generalized quantum Cauchy 
processes not only for the analysis of solutions of the relativistic quantum mechanics 
equations, but also for understanding of the physical meaning of these equations, 
as well as, possibly, in formulation and solving of new problems there. 

Using these processes one finds a fundamental connection between solutions of 
the Maxwell and Dirac equations, which, probably, can be related to a possibility 
of construction of the F. A. Berezin superinteraction theory (see [4]). 

We also find that the time derivative of the support of the quantum Cauchy 
processes (i.e., the velocity of photon and electron on the trajectory) belongs to 
a Hilbert space. This observation, probably, can serve as a base for explanation 
of the known paradox of Einstein-Podolsky-Rosen, see [12], and leads to an ade¬ 
quate mathematical description of such facts as collapse of the wave function at the 
moment of measurement, entangled states, etc. 

We explain a special role of these processes for the analysis of the passage from 
quantum relativistic problems to their classical relativistic and non-relativistic ver¬ 
sions. 

The author thanks R. A. Minlos for his support and priceless conversations, as 
well as members of O. G. Smolyanov’s seminar at the mathematical department of 
Moscow State University for the constructive and kind critique. 
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